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ABSTRACT: The exotic physical properties of the Weyl points
are mainly determined by their topological charges. Protected by
crystallographic symmetries, Weyl charges on highly symmetric
points can be larger than 1, termed multiple Weyl points. However,
for all types of 3D crystals with 230 space groups, the orders of
(screw) rotation axes can only be 1, 2, 3, 4, or 6, limiting the
maximal Weyl charge of a natural 3D material to be 4. Here, we
demonstrate that arbitrary-charged Weyl points can be stabilized in
a 1D helical photonic crystal. Moreover, we give a complete
theoretical analysis of all types of 1D HPCs and multiple Weyl
points therein. Our findings offer a generally applicable strategy for
designing arbitrary-ordered axes and realizing arbitrary-charged
Weyl points in classical wave systems.
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B INTRODUCTION

A longstanding issue in topological physics is exotic band
degeneracies, such as Weyl points (WPs), Dirac points, nodal
lines and their variants.' > Among these 3D band degener-
acies, WPs are the more fundamental one, whose existence
requires only the translational symmetry of the lattice.® Acting
as monopoles of the Berry curvature field (magnetic flux in
momentum space), WPs can be characterized by Chern
number on a sphere enclosing it.” Their topological charge
guarantees the existence of helicoid surface states that consist
of open arcs connecting the projection of WPs on the surface
Brillouin zone.* So far, WPs have been experimentally
observed in electric,” cold-atomic,'® acoustic,'"'* and photonic
systems,"” which inspires more works to discuss their potential
applications, including optical cloaking,'* chiral optical
tweezers, ~ subwavelength passive optical isolators,"® and so
on. Essentially, many properties of Weyl crystals are
determined by WP’s topological charge, such as multihelicoid
surface states,'” quantized circulation of spatial shift of
reflection beam,'® topologically protected electromagnetic
pulling forces,"” and topological circular dichroism.*°
Therefore, how to realize a WP with more topological
charges has been a crucial problem in topological physics. In
principle, crystallographic symmetries can bring together two
or more single WPs onto a high-symmetry k-point forming a
double or multiple WP.*' A complete characterization has
been performed to summarize WPs that can be achieved in all
possible types of 3D crystals (with 230 space groups),
concluding that the maximal charge number of a WP is
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4.7%%* The reason is that a multiple WP with higher topological

charges is usually stabilized by higher (screw) rotation
symmetries. However, crystallography told us that the orders
of (screw) rotation axes in a 3D crystal can only be 1, 2, 3,4, or
6, which limits the maximal Weyl charge in a natural 3D
material. One approach to circumvent this problem is to
introduce additional accidental/hidden symmetries (for
instance, by fine-tuning the long-range interactions) constrain-
ing the WPs’ positions in k-space.”* This inevitably makes the
system rather complicated or time-reversal symmetry (TRS)
broken.

In this Article, we propose a scheme to realize arbitrary-
charged WP using a simple 1D layered structure. Different
from the 3D lattice structure, its basic constituents are
homogeneous layered media possessing continuous transla-
tional symmetry in the x—y plane. The layers are only
periodically repeated in the z direction, making it compatible
with an arbitrary rotation or a screw rotation axis (not limited
to 1,2, 3, 4, or 6). By stacking anisotropic dielectric layers with
their major axes tracing out a helix in space, we theoretically
studied the 3D band structures of these 1D helical photonic
crystals (1D HPCs). Protected by its high ordered screw
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Figure 1. 1D HPC with a Chagre-6 WP. (a, b) Isometric view and bird’s-eye view of a 1D HPC with 14, screw symmetry. The crystal is composed
of 7 layers of anisotropic medium with identical principal dielectric constants but oriented in different directions. Each orange ellipse denotes the
index ellipsoid of the layer. Their major axes trace a helix in space (dashed line). (c) 3D BZ of the 1D HPC. The BZ is bounded in the k, direction
by two planes (gray) of k, = +7/a, but is infinite in plane because of continuous translation symmetry of layer medium. Due to 14, screw symmetry
and TRS, this 3D BZ has a C,, rotation symmetry. (d—f) Bulk dispersion of a 1D HPC. A charge-6 WP resides at the BZ center between the 3rd

and 4th bands. Screw eigenvalues of the lowest 7 bands are shown by the color codes in (d).

symmetry and TRS, WP with an arbitrary charge can be
constructed at time-reversal invariant momenta (TRIM).
Paradigmatically, we first study a 1D HPC with a 14-ordered
(14,) screw symmetry using a characteristic matrix method. A
chagre-6 WP is found at the I" point analyzed via its effective
Hamiltonian and protected surface states. By considering 1D
HPC with a higher-ordered screw axis, WPs with an arbitrary
charge can in principle be obtained. Furthermore, in a 1D
HPC with continuous screw rotation symmetry (the extreme
case of discrete screw symmetry), the degenerate frequencies
and topological charges of WPs at TRIM are proportional to
the band numbers involved, which then have no upper bound.

B RESULTS AND DISCUSSION

1D Helical Photonic Crystal with a Chagre-6 WP. As
an example, we first consider a 1D HPC with a 14, screw
symmetry. Its unit cell is composed of 7 layers with equal
thickness, as depicted in Figure la,b. All these layers are
uniaxial medium with identical principal dielectric constants €,
=2, & =35, and &; = 2, but are oriented in different directions.
Each two neighboring layers have a 7/7 rotation, whose major
axes form an RH helix in space. Permittivity tensors of the n
layer can be obtained by a unitary transform, €(0) = R(0)
diag(ey, &, e5)R7(0), where 0= (n —4) x /7 (1 <n<7,n
€ N), and

cos@ —sinf 0
ﬁ(9) =|sinf cos@ O
0o 0 1 (1)

Due to discrete translation symmetry along the z direction,
the Brillouin zone (BZ) of 1D HPC [Figure 1c] is bounded by
two flat planes (gray) k, = +7/a. Meanwhile, it is infinite in the
k.—k, plane because of continuous translational symmetry of
the layer medium. As a result of the 14, screw symmetry and
TRS, this 3D BZ and the corresponding bulk dispersion have a
C,,4 rotation about the z-axis.

Here we calculate HPC’s bulk band structure using a
characteristic matrix method.”>*® Bloch theorem requires that

7
H M,(w, k,, k [EmEy,H H] _elkza[ExiEyi HxiHyi]T
i=1

)

where M, is the 4 X 4 characteristic matrix of the i layer. The
(E.E,HH,] are tangential electric/ magnetic fields on the
bottom surface of the unit cell,” a is the lattice constant in the
z-direction, and k, is the Bloch wavenumber limited to [—z, z].
(A detailed derivation of ZT/L can be found in Materials and
Methods and Supplementary 1.)
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Figure 2. Sextuple helical surface states near the charge-6 WP. (a) Schematic of a 1D HPC with 20 periods sandwiched between PEC boundaries
in the z-direction. (b) 3D bulk BZ and its surface projection on the k,—k, plane. Surface dispersion is calculated on a circle (red) enclosing WP,
with a radius of k, = 2.277/a. Corresponding bulk states are on a tube in 3D bulk BZ. (c) Surface band dispersion on the red circle in (b). For both
surfaces in (a), 6 gapless surface bands transverse the partial gap near charge-6 WP. Red (blue) lines plot the surface bands for the top (bottom)
surface of the crystal. (d—f) Three representable E, profiles of the surface modes marked by X, O, and O in (c).

Calculated bulk dispersions in the k,, k,, and k, directions are
plotted in Figure 1d—f. As shown in Figure 1(d), the lowest 14
bands form a connected group because of 14, screw symmetry
on the k, axis. These bands fold back and forth between I" and
A, forming 6 linear crossing points at TRIM. By examining the
dispersions nearby and k dot p Hamiltonians, we find that they
are actually multiple WPs. Their topological charges can be
evaluated by inspecting the screw eigenvalues £ of the crossing
bands.”' In a screw-symmetric crystal, screw eigenvalues of the

bulk bands are k,-dependent
5 — e—i(kza+p7r)/7 (3)

and their arguments evolve linearly along the screw invariant
axis (k, axis),””*® as color coded in Figure 1d. The integer p €
{1,3,5,7,9,11,13}mod14 labels the bands with different rotation
eigenvalues in a connected group” (see Supplementary 3 and
10). Specially at TRIM, since two crossing bands are related by
TRS (T E = E*), which requires TRS-related states to be
mutual complex conjugates, their screw eigenvalues form a
complex conjugate pair (p; = —p,). Therefore, for each
crossing point in Figure 1d, the argument difference between
two crossing bands should be

(Pl - pz )ﬂ TTi
7 7 (4)

which has only six possible values. As discussed in
Supplementary 3, WP’s topological charge is proportional to
the argument difference between two crossing bands,
concluding the topological charges of WPs are even numbers,*’

arg(fz/é) =

and the maximal Weyl charge hosted in this 14, HPC is 6 (I =
3). Because TRS maps a WP at k to —k with the same
chirality,”" identical WPs always come in pairs on the k, axis,
except at TRIM. Likewise, for other types of 14-ordered HPCs
with other translation indices, the charge of WPs at TRIM are
also determined by 6 possible ratios of screw eigenvalues, and
similar results can be obtained (see Supplementary 4).

Note that these charge-6 WPs go beyond the maximal Weyl
charge (4) in 3D crystals.”® For instance, the WP at the I’
point with frequency of f = 0.52(c/a) [red dots in Figure 1d—f]
is a charge-6 WP, which has a linear dispersion along the k, axis
but a quadratic dispersion along the in-plane directions. Its 2 X
2 low-energy effective Hamiltonian around I' reads: (see
Supplementary 3)

H(q) = (¢o + ¢,97)0, + aq,o, + b(qe, + qja_) (s)

where a, b, ¢, and ¢, are real coefficients, 4> = q,q_ + ¢, q. =
q. * iqy, and 0, = 0, + io,. This Hamiltonian, which has been
discussed in many previous theoretical works,”* ™" is a general
form of a charge-n WP (n = 6) and now has a feasible real
structure.

Remarkably, the in-plane dispersion of charge-6 WP is k*
type rather than kS-type on the k, = 0 plane. The reason is that
the in-plane dispersion is dominated by the nonchiral quadratic
term (co + ,4%)6, in eq S, which masks the sextuple dispersion
from the chiral term b(q%6, + q%_). The effect of the sextuple
chiral term is manifested in the frequency difference between
the two bands, which is almost invisible around the I" point
[Figure le,f] (see Supplementary S). Thanks to the fact that
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Figure 3. 1D HPC made up of silicon wire media. (a) Tetragonal supercell (with the size of 4w X 4w X a) used in calculating the band structure of
HPC. w = a/28 is the lattice constant of the wire array. (b—d) Bulk dispersions of to the HPC in «-, y-, and z-directions. It agrees well with the bulk
bands (red dashed lines) of 1D HPC made up of uniaxial effective media (¢, = §, ¢, = €, = 2).

Figure 4. WPs stabilized by (4n + 2), screw symmetry and TRS. (a—d) Isometric view of the unit cells with (4n + 2), screw symmetries (n =1, 2,
3, 4). (e, f) Corresponding bulk dispersions along k, (screw axis). The maximal Weyl charge that can be stabilized in each case is 2n. Screw

eigenvalues of the first band group are shown by color codes.

ID HPC’s BZ is infinite in the k, — k, plane, the topological
feature (Berry flux and resultant Fermi-arc states) of this
charge-6 WP can be observed at large k,.

Topological Features of Charge-6 WP. We truncate the
HPC in the z direction, resulting in a slab, and cap the two
truncated surfaces with two PECs [Figure 2a], which serves as
a topologically trivial gap material. The 3D bulk BZ of the 1D
HPC and its surface projection on the k,—k, plane is shown in
Figure 2b. Considering the bulk-edge corresponding relation,
the band dispersion in a tube oriented in the k, direction of the
3D BZ reflects its Chern number. We give the surface-

projected dispersion along a loop enclosing WP (red), with a
radius of k, = 2.27/a [Figure 2c], in which the red (blue) lines
plot the surface bands for the top (bottom) surface. For each
surface, 6 gapless surface bands with positive (negative) slopes
traverse the partial band gap (relative bandwidth is 3.14%),
reflecting the sextuple topological charge. Because of its
truncation in the z-direction, HPC’s 14, screw symmetry is
broken. However, the C,; (i = «, y, z) rotation symmetry and
TRS are preserved. For this reason, 12 surface bands (6 on top
surface and 6 on bottom surface) are related with each other.
Figure 2d—f plots the eigen fields (E,) of three representative
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surface modes (denoted by X, O, and []). These surface
modes can be excited by oblique incident beams through a
conical prism (see Supplementary 6). Despite lacking complete
bandgap, the system exhibits partial bandgaps at a specific k,
(e.g, at k, = 2.27/a, say, for a fixed incident angle) enable
topological insulation along ¢, suggesting potential applica-
tions in chiral sensors.”> Topological features of the charge-6
WP can also be examined by its Berry Curvature distribution
and the Berry Phase evolution around it (see Supplementary
2).

Realize 1D HPC by Silicon Wire Medium Array. In the
above calculation, the birefringence &,/e; = 2.5 is somehow
unrealistic in nature. Physically, such a kind of anisotropic
material can be realized by a finely stratified medium®*™** or
dielectric wire medium®”*’ composed of two isotropic
materials. By replacing each anisotropic layer with a silicon
wire array, we construct a meta HPC in Figure 3a. The band
structures of silicon wire array were calculated by MPB using a

supercell with size of (a,, a, a,) = <%, %, a), see Figure 3b—

d. The dielectric constant and refractive index of silicon are € =
12 and n = 3.464. The in-plane lattice constant of the silicon
wire is w = a/28. Each silicon wire features a square cross-
section with a side length of (2 — v/2)w. For the modes in the
lowest two connected groups, the silicon wires have feature
sizes much smaller than the wavelength, acting as a good
effective medium. Corresponding band structures (dashed
lines in Figure 3b—d) coincide with the one made up of
homogeneous medium (solid lines in Figure 3b—d). Due to its
subwavelength feature, the effective medium works well even
with misalignment of wires (see Supplementary 7). Further-
more, due to the robustness of Weyl charges in the k space,
moderate perturbation of birefringence and disorder of the
screw periodicity would not disrupt the existence of helical
surface states (see Supplementary 8). All of these results imply
that the topological feature of this 1D HPC could be observed
using current nanofabrication techniques.

Higher-Charged WPs Stabilized by Higher-Ordered
Screw Symmetry. Since each anisotropic medium layer has
continuous translational symmetry and C, rotation symmetry
in the x—y plane, 1D HPC can have an arbitrary-ordered screw
axis, even that it is not compatible with 3D crystallographic
lattice. This makes arbitrary-charged Weyl degeneracies
achievable in a simple 1D structure. For an HPC composed
of anisotropic dielectrics, the system possesses C, rotation,
2N,, screw rotation, and TR symmetries. Other than the in-
plane continuous translations and TR, HPC’s symmetry can be
described by a 2N,,22 rod group,*" where g and N are integers
(q < N).

For the sake of limited possible screw rotation eigenvalues
constrained by the 14,22 rod group and TR, the maximal Weyl
charge hosted by a 14, HPC is 6. One can infer that HPC with
a higher-ordered screw axis can host higher-charged WP.
Figure 4a—d exemplifies the cases of 6,, 10,, and 18, HPCs
(the cases for even order of N will be discussed later). As
expected, the (4n + 2), screw symmetry combines N = 2n + 1
bands into a connected group, resulting in 21 crossing points at
TRIM. Constrained by TRS, the rotational eigenvalues of two
crossing bands are a complex conjugate pair. The ratio

between them must be ¢=2"m/2n+1 (m=1,2, .. n). And
the topological charge of WP can only be an even number less
than 2n. Effective Hamiltonian near a charged-2m WP takes a
similar form as eq S (see Supplementary 3):

H(q) = (co + &,47)0 + aq o, + b(q™"0, + ¢7"0_) ()

where m < n. Obviously, higher screw symmetry can protect
the larger Weyl charge. In principle, we can realize an arbitrary-
charged WP in an HPC with a large enough order 2N.

For the case of an even N = 25, the maximal charge
protected by HPC’s symmetry is N. This can be derived
through an effective Hamiltonian analysis similar to above.
Figure 5 exemplifies the HPCs with 4,22, 8,22, 12,22, and

Figure 5. WPs stabilized by 4n, screw symmetry and TRS. (a—d)
Isometric view of the unit cells with 4n, screw symmetries (n = 1,2, 3,
4). (e, f) Corresponding bulk dispersions along k, (screw axis). The
maximal Weyl charge that can be stabilized in each case is 2n.

16,22 rod group. In particular, the 4, HPC possesses inversion
symmetry and is a nonchiral structure. Thus, each band in
Figure Se is a double band, and WP disappears. Overall, an
HPC with higher screw axis can host a larger Weyl degeneracy.
The maximal charge for an HPC with 2N-ordered screw
symmetry can be summarized as

N-1 (N=2n+1,n=1,2,3,..)
Cmaxz
N (N=2nn=2,34,..) (7)

Furthermore, it is interesting to consider the extreme case
when N approaches to infinity. Then the 2N-ordered screw
axis becomes a continuous screw axis, and this 1D HPC with
continuous screw axis coincidently has the same space group as
cholesteric liquid crystals.”” The permittivity tensor of this
continuous 1D HPC can be written as

zn 2 zn zn
el-cosz(—) + 62~sin2(—) (& — 62)~cos(—)-sin(—) 0

a a a a

£ = zn zn 21 21
(¢ — 52)-cos(—)-sin(—) el-sinz(—) + sz-cosz(—) 0

a a a a

0 0 &

(8)
where a is the period in z-direction. Its isometric view and
calculated bulk dispersion along k, are plotted in Figure 6a,b,
where £, = ¢, =2, & = S.

Due to its highest screw rotation symmetry, each connected
group in the band structure consists of an infinite number of
bands folded forth and back between TRIMs. Note that a band
gap is opened for the circular polarization with the same
handedness as the HPC (more details in Supplementary 9).
Meanwhile, all these folding points are WPs, whose charges are
labeled in Figure 6b. As predicted by the screw eigenvalues, the
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Figure 6. 1D HPC with continuous screw symmetry. (a) Isometric
view of the unit cell. (b) Bulk dispersion along k, (screw axis). Two
sets of bands (red and blue, RCP and LCP) fold back and forth
between the TRIMs. The Weyl charges monotonically increase as the
frequency increases, and thus, Weyl charges have no upper bound in
principle.

Weyl charges monotonically increase with frequency and do
not have an upper bound (see Supplementary 10). In fact, the
physical limitation to observe higher Weyl charges lies in the
gap width associated with high frequency, which is determined
by the effective anisotropy of dielectric wire array. However, if
we extend the concepts to THz/microwave regime, we can use
high e dielectric or metal to construct HPC, higher Weyl
charges could be observable.

B CONCLUSIONS

In conclusion, we theoretically proposed and studied 1D
layered HPCs composed of anisotropic dielectrics. Due to the
continuous translation symmetry of layered medium, such type
of HPC can have an arbitrary screw axis which can go beyond
the 3D Bravais lattice. Weyl charges in this layered system can
be bigger than 4, the maximal Weyl charge that can be host in a
3D crystal (with all of the possible 230 types of space group).
Our work establishes a novel photonic platform for exploring
exotic physical phenomena related to multiple WPs, such as
quantized circular photogalvanic effect in Weyl semimetals**
and quantized circulation of spatial shift in interface
reflection.'® Our work may inspire further research on
applications of large charged Weyl medium, such as optical
tweezers,"> optical microcavity’* and so on. In addition, our
theory can be easily extended to other classical wave systems,
includiné phononic crystals,” magnonic crystals*® and electric
circuits.

B MATERIALS AND METHODS

Characteristic Matrix Method of 1D HPC. Detailed
derivation about the 4 X 4 characteristic matrix for anisotropic
layer can be found in Supplementary 1.

Numerical Simulation. The surface states in Figure 2
were computed using COMSOL Multiphysics 5.6 by solving
the eigenstates of a finite HPC bounded by PEC boundaries.
To accurately model its continuous translational symmetry in
the x—y plane, we set the transverse unit cell dimension to be
1/20 of the longitudinal lattice constant a.

The band structures of HPC made up of silicon wire
metamaterials [Figure 3a] were calculated by MIT Photonic
Bands (MPB)** using a supercell with a size of (ax,ay,az) = (a/
7,a/7,a). The dielectric constant and refractive index of silicon
are € = 12 and n = 3.464. The in-plane lattice constant of
silicon wire is w = a/28. Each silicon wire features a square

cross-section with side length (2 — v2)w of the pixel

resolution used in MPB is a/224. Thus, the filling ratio of

the structure is (2 — ~/2)* = 34.3%. In addition, this type of
HPC cannot find a simple unit cell because 14-sided polygons
cannot tile a plane. Although some structural mismatches exist
on the supercell boundaries, the resultant band structure
should agree well with the ideal HPC made up of effective
media, as long as the lateral size of the supercell is big enough.
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