
Topological Temporal Boundary States in a Non-Hermitian Spatial Crystal

Ming-Wei Li ,1,2 Jian-Wei Liu,1 Xulong Wang,2 Wen-Jie Chen ,1,* Guancong Ma ,2,† and Jian-Wen Dong 1,‡
1Department of Physics & State Key Laboratory of Optoelectronic Materials and Technologies,

Sun Yat-sen University, Guangzhou 510275, China
2Department of Physics, Hong Kong Baptist University, Kowloon Tong, Hong Kong, China

(Received 11 February 2025; accepted 26 September 2025; published 27 October 2025)

Periodic modulation of the material index in time opens momentum gaps. Such systems are regarded as
the temporal analog of common spatial crystals, wherein the band gaps open in frequency space. Recent
studies have also led to the theoretical prediction of topological temporal boundary states (TTBSs) in such
momentum gaps. In this Letter, we report the discovery and experimental realization of a new type of
TTBS, appearing in a non-Hermitian spatial crystal with spatially periodic loss and gain, wherein the
emergence of the Bloch momentum gap is associated with a parity-time broken phase, instead of relying on
temporal modulation. By inducing a sudden flip of signs of the loss and gain profile, a mode emerges in the
middle of the Bloch momentum gap and peaks at the flipping instant, which is regarded as a temporal
boundary. Remarkably, we found that the temporal flip induces a topological transition in time, and the said
mode is a TTBS that is a temporal analog of the Jackiw-Rebbi state. The TTBS is experimentally observed
in a one-dimensional active mechanical lattice, and it can generically emerge in a wide range of non-
Hermitian systems. By linking non-Hermitian physics with spatiotemporal topological systems, our results
not only deepen the understanding of temporal topological phases but also open new grounds for
controlling transient waves by topological means.
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Introduction—Time-varyingmedia represent an emerging
horizon for novel wave manipulation [1–14]. Periodic
temporal modulation to material properties of a homo-
geneous material (e.g., the dielectric constant), can produce
momentum band gaps [10,12,15–19], akin to energy gaps
from periodic spatial potentials in common crystals [20,21].
In a momentum gap, modes grow or decay exponentially
over time [16,17,19,22–25]. It has been theoretically shown
in the context of a photonic time crystal (PTC) that the
photonic momentum bands can exhibit distinct topology
depending on the modulation profiles. A sudden change in
the modulation profile creates a temporal boundary, driving
the system from a topologically trivial to a nontrivial phase.
Strikingly, this transition yields a topological temporal
boundary state (TTBS) [26–31]. Although microwave
PTC was experimentally realized recently [32], TTBS
remains elusive due to challenges in achieving persistent
temporalmodulationwith sufficientmagnitude and rate [33].
Here, we discover that TTBS can be induced in a non-

Hermitian spatial crystal (NSC) by a single temporal flip of
its non-Hermiticity. By observing the temporal behaviors of
growing and decaying modes in the PT-broken phase
[34–47], we reveal that a Bloch momentum gap can be

created by the spatial periodic modulation on the imaginary
potential (i.e., gain or loss) without any temporal modu-
lation, making them fundamentally distinct from those
momentum gaps appearing in PTC, which are caused by
temporal modulation to material index. A temporal sign flip
in the gain-loss profile can trigger a topological phase
transition in the Bloch momentum band structure. The
TTBS, a temporal analog of a Jackiw-Rebbi state [48,49],
appears and “localizes” at the transition instant. Unlike
PTCs, the Bloch momentum gap in our system originates
from the spatially periodic modulation of material proper-
ties, without resorting to temporal alternation of material
properties. We experimentally observed the TTBS in a
one-dimensional (1D) non-Hermitian mechanical lattice
[50–54] and demonstrated its robustness against perturbation
and disorder through simulations and experiments.
Topological state at the temporal boundary of a non-

Hermitian spatial crystal—We begin with a 1D spatial
crystal supporting classical waves governed by the
Helmholtz equation:

�
d2

dz2
þ
�
ω

c

�
2

ρðzÞ
�
ψðzÞ ¼ 0; ð1Þ

whereρðzÞ¼fρ1¼1−iΓ
ρ2¼1þiΓ

½nd≤z<ndþd=2�
½ndþd=2≤z<ðnþ1Þd� is a system-dependent

complex constitutive parameter including gain and loss,
equivalent to a generalized squared refractive index. n is
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the number of unit cells, and c is the wave speed in a
homogeneous medium. The imaginary part of ρðzÞ repre-
sents loss or gain, constituting the crystal’s non-Hermiticity.
The system can manifest as a photonic, acoustic, or
mechanical crystal. Figure 1(a) shows two NSCs, loss-gain
(LG) and gain-loss (GL) crystals, distinguished by their unit
cell configurations. Band structures for three Γ values are
shown in Figs. 1(b)–1(g), calculated via the transfer matrix
method (see Supplemental Material [55]). When Γ ¼ 0,
the lattice reduces to a homogenous passive material with a
linear dispersion [Figs. 1(c) and 1(f)]. When Γ ≠ 0, these
band structures open PT-broken regimes near k ¼ π
[Figs. 1(b), 1(d), 1(e), and 1(g)]. Two complex bands with
conjugate eigenfrequencies are found in this regime, which
correspond to temporally growing or decaying bulk modes.
Their temporal behaviors match those in a PTC momentum
gap. These modes extract (dissipate) energy from (to)
material gain (loss), rather than from (to) temporal modu-
lation of refractive index [16,17,19,24] (see Supplemental

Material [55]). Sections 4 and 5 of Ref. [55] prove that the
PT-broken regime inNSC is indeed aBlochmomentumgap.
Figures 1(b)–1(g) show that the Bloch momentum gap

closes and reopens as Γ changes sign. This loss-gain flip
process swaps two band-edge states, i.e., EP1 (exceptional
point 1) and EP2 modes [insets of Figs. 1(b) and 1(d)]. This
flip is a topological transition, which will be proved later.
Additionally, the eigenmode profiles in the LG (GL)
crystals at k ¼ π [insets of Figs. 1(e) and 1(g)] reveal that
the grow mode in LG and decay mode in GL share an
identical spatial profile.
Now consider the following: initially, the grow mode in

the LG crystal is excited. At time t0, an instantaneous gain-
loss flip (sign change in Γ) converts LG into GL. This flip
acts as a temporal boundary [Fig. 1(h)], across which the
lattice undergoes a topological transition. Figure 1(i) shows
the spatiotemporal profile of the grow and decay modes
across the boundary. The grow mode in LG completely
couples to decay mode in GL (see Supplemental
Material [55]), forming a TTBS peaked at t0. It is spatially
extended while temporally localized at t0.
Topological characteristics of the NSCs—The topologi-

cal characteristics of the NSCs is revealed by the parallel
transport of its eigenmodes [62]. This transport is per-
formed along a Bloch momentum band with ω as a
parameter, thus the eigenmode is a function of ω instead
of Bloch k, indicating that the Hamiltonian must be written
with Bloch k as eigenvalues. To do so, we start from the
static case of one NSC (LG or GL crystal) in Fig. 1(a).
By solving Eq. (1), the eigenmode near the Brillouin
zone boundary (k ¼ π) approximately decomposes to
ψðzÞ ¼ AðδkÞEþ1 þ BðδkÞE−1 [63], where δk ¼ k − π is
the deviation from k ¼ π, Eþ1 ¼ eiðδkþπÞz and E−1 ¼
eiðδk−πÞz are the þ1 and −1 Fourier components. AðδkÞ
and BðδkÞ are the complex amplitudes of the two plane
waves. We then obtain an effective Hamiltonian with δω as
eigenvalues

HδωðδkÞ ¼ αð−imΓσy − c3δkσzÞ; ð2Þ

with HδωðδkÞjψδωðδkÞi ¼ δωjψδωðδkÞi; ð3Þ

and mΓ ¼ π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ 4Γ2

p − πÞ=2Γ2π2
q

Γ, δω ¼ ω − αc0.
α, c0, c3 are constant coefficients. Equations (2) and (3) can
be rewritten with δk as eigenvalue

HδkðδωÞ ¼ − 1

c3

�
δω

α
σz þmΓσx

�
; ð4Þ

with HδkðδωÞjψδkðδωÞi ¼ δkjψδkðδωÞi: ð5Þ

The two eigenmomenta δk and the corresponding eigen-
vectors jψδkðδωÞi read

FIG. 1. TTBS between two NSCs. (a) Topological band inver-
sion induced by non-Hermiticity Γ flipping in a 1D binary crystal.
(b)–(g) Complex band structures for Γ ¼ 0.2; 0;−0.2. As Γ flips
sign, a topological band inversion occurs and two EPs swap their
positions. (h) Temporal boundary occurs at time t0. (i) Spatiotem-
poral profile of the TTBS localized at the temporal boundary: t0;
formed by the midgap grow mode in LG crystal (t < t0) and the
midgap decay mode in GL crystal (t > t0). Red and blue lines:
wave function at t ¼ t−0 in LG crystal and at t ¼ tþ0 in GL crystal.
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�
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α

�
2

r #
; ð7Þ

where N2 is a normalized coefficient [55]. A PT-broken
regime with −jmΓj=c3 < δk < jmΓj=c3 lies between the
two EPs. Such momentum regime with complex conjugate
frequencies can also appear in pseudo-Hermitian systems.
They actually act as a Bloch momentum gap, which can be
well interpreted using a simple two-band model [55].
Because of the absence of periodicity in ω, conventional

closed-loop topological invariants are ill defined for the
Bloch momentum band in our NSC. Instead, we use open-
path parallel transports on Bloch momentum bands to
characterize topology. We focus on the left side of the
Bloch momentum band gap (δk < 0), shown in Figs. 2(a)
and 2(g). Figures 2(b)–2(f) [2(h)–2(l)] plot eigenmodes at
five representative frequencies in LG (GL) crystal. The
middle columns depict two-component eigenvectors
from the effective Hamiltonian. Equation (7) shows that
the eigenvector at the low (high) frequency limit is
always ½0; 1�Tð½1; 0�TÞ, regardless of mΓ [55]. Notably,

the eigenvectors are already nearly parallel to
½0; 1�Tð½1; 0�TÞ at 0.3 × 2πc=d (0.7 × 2πc=d) in Figs. 2(f),
2(l) [2(b), 2(h)]. These are the start and finish points of the
parallel transport. The same initial state, i.e., ½0; 1�T, is
chosen for both the LG and GL crystals [Figs. 2(f) and 2(l)].
When parallelly transported along the respective Bloch
band, two states rotate oppositely and evolve into two EP
states at 0.4975 × 2πc=d [Figs. 2(d) and 2(j)], whose
eigenvectors point upper left or upper right (blue circles).
They both eventually evolve into ½1; 0�T at the finish point,
but their phases differ by π (red circles). This arises from
two distinct EP modes, attributed to the band inversion.
For confirmation, we regard Γ as a synthetic dimension

and extend the system to a 2D ðΓ;ωÞ space where the Bloch
bands close at Γ ¼ 0 to form a linear crossing like a Dirac
point [Fig. 2(m)]. Encircling the gap-closing point on the
ðΓ;ωÞ plane yields a Berry phase of π [Fig. 2(n)]. Thus, LG
and GL crystals are 1D gapped topological phases obtained
at opposite Γ, akin to gapping a Dirac point with opposite
masses.
Temporal Jackiw-Rebbi state—It is counterintuitive

that a Bloch momentum gap emerges in an NSC with-
out temporal modulation. More interestingly, a topological
transition of such an NSC would induce a protected TTBS.
In fact, this TTBS is the temporal analog of a Jackiw-Rebbi
state [49]. To illustrate, we consider the following dynamic
equation based on the effective Hamiltonian in Eq. (2):
ið∂=∂tÞjψðz; tÞi ¼ αð−imΓðtÞσy − c3δkσzÞjψðz; tÞi, where
mΓðtÞ ¼ π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 þ 4Γ2

p − πÞ=2Γ2π2
q

ΓðtÞ. In Fig. 1(h),

ΓðtÞ ¼ 0.2 stepðt − t0Þ ¼ f 0.2ðt≤t0Þ−0.2ðt>t0Þ is a step function indi-

cating a sudden change in imaginary mass. Beyond the step
function, the TTBS can exist for more general ΓðtÞ. In this
case, the TTBS wave function has a Jackiw-Rebbi
form [49]:

ψðz; tÞ∝
�
Að0ÞeiπzþBð0Þe−iπz

�
e−iαc0teα

R
t dt0mΓðt0Þ: ð8Þ

It implies that the existence of the midgap TTBS
only requires a sign change in temporal domain, i.e.,
Γðt → −∞Þ > 0 and Γðt → þ∞Þ < 0. It does not rely
on the specific form of ΓðtÞ, indicating strong robustness
against temporal defect and disorder (see End Matter).
However, TTBSs are sensitive to spatial defect and dis-
order. This is because spatial disorder prevents Bloch k
from being a good quantum number, the midgap mode
would be scattered to other momenta, causing the break-
down of the TTBS (see End Matter).
Observation of TTBS—Since our theory is based on a

generic wave equation, TTBSs are not system specific and
can emerge in various classical-wave systems. Here, we
demonstrate TTBS with a mechanical lattice of spring-
coupled active rotational oscillators [51,54] in a proof-of-
principle experiment (see Supplemental Material [55]).

FIG. 2. Parallel transport of the eigenmodes along the mo-
mentum bands. (a),(g) Real band structures for LG and GL crystal
on the left side of the gap. (b)–(f) Eigenmodes at five represen-
tative frequencies for LG crystal. Solid lines and dashed lines
represent their real and imaginary part. (h)–(l) Eigenmodes for
GL crystal. The gray arrows in (a) and (g) indicate the directions
of parallel transport. The final states in (b) and (h) differ by a
phase of π, indicating a topological transition. (m) A closed path
defining Berry phase in ω-Γ synthetic space. (n) Eigenvectors
with parallel transport gauge in the ω-Γ plane, with color circles
corresponding to (b)–(f) and (h)–(l).
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A feedback control method is used to induce gain and loss.
With low onsite resonant frequency of the oscillators, the
electronic gain-loss flip occurs within milliseconds, much
faster than the characteristic timescale of the grow-decay
modes. Since TTBS is a spatial bulk state at k ¼ π, we use
two-site unit cells to form a closed 1D chain under Born–
von Karman boundary condition. In this configuration, the
lattice wave function jψðxÞi ¼ ½θ1; θ2; ..:; θL�T satisfies
ψðxjÞ ¼ ψðxj þ LÞ, where θj is the measured angular
displacement of the j th oscillator site and xj is its position.
The total number of sites is L ¼ 16 in Fig. 3(a). Unlike
traditional open-boundary lattices, this periodic condition
ensures momentum quantization with Bloch k ¼ nπ=4.
Active rotational oscillators achieve gain and loss via self-
feedback torque τjðtÞ ¼ βjðtÞθ̇jðtÞ, where θ̇jðtÞ is the
instantaneous angular velocity of the j th oscillator.
Here, βjðtÞ, a step function flipping sign at t0 ¼ 0,
determines the onsite gain-loss, corresponding to non-
Hermiticity ΓðtÞ.The effect of τjðtÞ is gain or loss, depend-
ing on the sign of βjðtÞ. The amplitude of βjðtÞ determines
the gain-loss magnitude, which can be tuned by the
controlling electronics.
To observe the TTBS, we first prepare the spatial mode

at k ¼ π in a passive Hermitian lattice (without loss or
gain, i.e., βjðtÞ ¼ 0). This mode is excited by driving the

even-numbered oscillators with eight out-of-phase sinus-
oidal signals at f ¼ 8.1 Hz [Fig. 3(b)]. This excitation
profile matches the bipartite eigenmode at k ¼ π [55]. The
lattice soon stabilizes into a steady bulk state [white
background region in Fig. 3(c)]. Then, the active torques
are switched on [βjðtÞ ¼ 0 → βjðtÞ > 0], converting the
system to the LG crystal configuration [Fig. 3(b)], and the
oscillations of θj grow exponentially, indicating the grow
mode [pink-shaded region in Fig. 3(c)]. After 1.3 s, βjðtÞ
jumps, the system encounters the temporal boundary
and flips to the GL crystal configuration [βjðtÞ > 0 →
βjðtÞ < 0, Fig. 3(b)]. The oscillations sharply turn from
exponential growth to decay [Fig. 3(c)]. These observations
confirm the existence of TTBS, and agree well with our
theoretical prediction.
Discussions—We experimentally tested the robustness of

TTBS with temporal disorder, as discussed in Fig. 4(e)
(see End Matter), by inserting two temporal segments
(t∈ ½−0.5; 0.5�) described by the ΓðtÞ function in
Fig. 3(d). The measured displacement fields for all 16
oscillators are plotted below. The TTBS is robust against
disorder at the time boundary, but its profile is distorted.
The TTBS might appear to be an apparent phenomenon:

a wave grows in a gain medium and then decays when the
gain is replaced by loss. To clarify this, we compared by

FIG. 3. Experimental observation of TTBS in 1D mechanical lattices. (a) Experimental setup of the active mechanical lattice. (b) Time
modulation of the lattice. (c) Measured angular displacements of the TTBS between LG and GL crystals. The variation of non-
Hermiticity ΓðtÞ is plotted in the upper panel. The LG (GL) crystals are shaded in pink (green). (d) Measured angular displacements of
the TTBS of a temporal boundary with disorder. (e) Measured angular displacements when the system is initially excited by a driving
signal with k ¼ 3π=4. TTBS peak is absent in this case.
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exciting a spatial mode at k ¼ 3π=4 within the Bloch
momentum gap but it deviates from the midgap
momentum [55]. We excited this mode by injecting 16
sinusoidal signals into different sites [Fig. 3(e)]. Unlike the
midgap mode, the k ¼ 3π=4 mode exhibited divergent
behavior. The displacement field first grows in the LG
crystal and continues growing even after flipping to GL
crystal, where the gain is replaced by loss. The wave in the
lattice oscillates and its amplitude eventually diverges.
Notably, the temporal peak at t0, which signifies the
TTBS, is absent. These results agree well with our
numerical simulation [55]. The deterioration of TTBS
occurs gradually as the deviation of k increases. This is
because when δk ≠ 0 (δk ¼ k − π), the grow mode in LG
and the decay mode in GL are mismatched in their spatial
profiles. Consequently, the grow-to-decay mode conversion
is incomplete, leaving residual components that keep
growing in GL crystal and eventually diverge. However,
for small δk, the temporal localization persists to some
extent (in a finite time). Therefore, the TTBS excitation is
not restricted to a plane wave with k ¼ π, a Gaussian wave
packet with a finite k bandwidth can also generate it [55].
In summary, we discovered and observed a TTBS in an

NSC through gain-loss flipping in time. The theoretical
model relies only on a generic wave equation with spatially
periodic PT-symmetric index, making it implementable

across most classical wave systems [55]. Unlike TTBS in
PTC, which requires persistent temporal modulation, our
TTBS relies solely on spatial crystal and temporal non-
Hermitian flipping. The gain-loss flipping is achievable via
feedback control in active systems (such as our mechanical
lattice) and with natural gain medium at a much faster
timescale [55]. Our Letter extends the concept of topo-
logical phases for spatiotemporal scenarios and offers new
routes for spatial and transient wave control. Even richer
topological behaviors can be explored in 2D or 3D NSCs.
The momentum selectivity suggests TTBS-based devices
could enable novel functionalities in spectral filtering,
beam shaping, and signal routing in integrated photonic
systems [55].
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End Matter

Temporal robustness of the TTBS—Within the two-
band approximation and under preserved PT
symmetry ensuring a well-defined Bloch momentum
gap, the TTBS can be regarded as a temporal analog of
the Jackiw-Rebbi state. Its formation requires that the
imaginary Dirac mass undergoes a sign change near the
temporal boundary. As such, the existence of the TTBS
does not rely on the specific form of ΓðtÞ, demonstrating
strong robustness against temporal defects and disorders.
For example, the TTBS persists when ΓðtÞ changes sign
smoothly instead of sharply, as shown in Fig. 4(a),
where the resulting peak becomes broader but remains
localized. It also survives overshoots in ΓðtÞ before or
after the flip [Fig. 4(b)], and even for an asymmetric
profile near the boundary, e.g., ΓLG ¼ 0.2 and ΓG0L0 ¼
−0.3 before and after the flip, respectively [Fig. 4(c)].
In these results, the temporal envelope of the TTBS can

be shaped by choosing the form of ΓðtÞ. This property is
readily implied in Eq. (8). This dependence provides
a flexible route for transient wave control. To further
explore this, we consider more boundary profiles: a linear
ramp [Fig. 4(d)], multiple jumps [Fig. 4(e)]; and a ran-
domly fluctuating profile [Fig. 4(f)]. In all cases, the
TTBS remains clearly observable—even displaying
“elongated” and “multipeaked” features under complex
modulations—highlighting its resilience and potential
utility in dynamic wave manipulation. Additionally,
our schemes are applicable to any PT-symmetric or

pseudo-Hermitian system, such as a ternary-quaternary
crystal (see Supplemental Material [55]).

The TTBS is sensitive to spatial disorder—This is
because the existence of the Bloch k gap fundamentally
hinges on Bloch k being a good quantum number, i.e., it
must conserve throughout the temporal process. Spatial
disorder breaks the spatial periodicity, thereby rendering
the Bloch k ill defined. To show the criticality
associated with Bloch k, we calculate the evolution of
the midgap mode across a temporal boundary between
an LG crystal and a spatially disordered GL crystal

FIG. 5. TTBS is sensitive to spatial disorder. The upper panel
illustrates three types of spatial disorder introduced into the GL
crystal: (a) randomly perturbed layer thicknesses while main-
taining the overall lattice period; (b) uniform thicknesses but
randomly varied gain-loss strengths; (c) fixed geometry and non-
Hermiticity, but random variations in the real part of ρ. In all three
cases, the field diverges after entering the disordered GL crystal,
indicating the breakdown of TTBS.
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under three types of spatial disorder, as illustrated in the
upper panel of Fig. 5: (a) random layer thicknesses:
where dL¼½0.5þ0.05×randð−1;1Þ�d, with dG ¼ d − dL;
(b) uniform thicknesses but randomly varied gain-loss
strengths: Γ ¼ −0.2þ 0.15 × randð−1; 1Þ; and (c) fixed

geometry and Γ, but with random variations in the real
part of ρ: ReðρLnGÞ ¼ 1þ 0.6 × randð−1; 1Þ. In all three
cases, the field diverges after the system enters the
disordered GL crystal, indicating the breakdown of
the TTBS.
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